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In this paper the equivalence between fuzzy systems and two nonparametric techniques
for pattern recognition is considered. The conditions under which a fuzzy system coin-
cides with the nearest neighbor rule, and with the Parzen’s classifier have been formu-
lated.
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1. Introduction

Pattern classification problem consists in assigning to an object, described as a
point in a certain feature space © € S", a class label w from a predefined set
Q2 ={wi,...,wn} In the following we will assume that S™ coincides with R", i.e.
each component x; of = is a real number. The problem of designing a classifier is
to find a mapping

D:R"—Q (1)

optimal in the sense of a certain criterion 7 (D), provided we have a finite reference
set of labeled samples Z = {Zy,...,Zn}, Zj = [2j1---zjn]T € R". We will denote
by 6; € {1,...,M} the index of the class label among {wi,...,wn}, associated
with Zj.

Usually, the ultimate goal is to design a classifier that assigns class labels with
the smallest possible error over the whole feature space. The mapping D will be
referred to as a classifier.

Let us consider the probabilistic framework where both z and w are random
variables. We denote by P(w;) the prior probability for class w;, ¢ = 1,..., M, and
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by p(x/w;) the class-conditional probability density function (p.d.f.). Assuming
that P(w;) and p(z/w;) are known, the posterior probability can be calculated by

P(wifz) = — =0 (2)

Let J(D) be the overall error rate when using D. [J (D) is called risk function
and the “best” classifier is the one with minimum 7 over R™. It is a well known
result in statistical decision theory that the optimal classifier in terms of 7 (called
also Bayesian classifier) is the one that assigns to  the class label w* corresponding
to the highest posterior probability, i.e.

w* = argmax P(w/x)
w

Fuzzy classification techniques are deemed to be a viable extension of classi-
cal ones towards handling nonstochastic uncertainty involved in the classification
process. Along with “fuzzifying” classical pattern recognition techniques like lin-
ear discriminant analysis, k-nearest neighbor, treewise classifiers, etc., some purely
fuzzy classification paradigms emerged (see, e.g., Pedrycz!'®). One of these is the
fuzzy if-then rules based classification. It departures from the trivial look-up table
but being its soft version, is much more versatile and powerful. It is just this type of
fuzzy systems which has been pointed out by Brown et al.? to lack rigorous theory
explaining how these systems generalize and also providing insights into the relative
merits of differing implementation methodologies.

It has been stated in (Kosko, 1995)% that “... fuzzy systems are a class of
probabilistic systems”. Some studies show the connection between fuzzy systems
and Radial Basis Function (RBF) networks®. In turn, RBF networks have been
shown to be asymptotically Bayes-optimal classifiers by proving their equivalence to
the kernel type of nonparametric statistical classifiers'»>7-°. This means that under
certain conditions on the basis functions (corresponding to membership functions),
and with the number of hidden-layer nodes (corresponding to the rules) tending
to infinity, the RBF network approaches the optimal (Bayesian) classification rate.
Having these two relations in mind, we can conclude that fuzzy systems are also
asymptotically Bayes-optimal classifiers. All this suggests that a more direct link
between fuzzy systems and statistical classifiers can be established, excluding RBF
networks from the chain.

The paper tries to answer the question: Under what conditions can a fuzzy
system be considered as a probabilistic classifier? In Section 2 the notion of fuzzy
system for classification is defined. Two nonparametric statistical classification
techniques are briefly outlined in Section 3: the k-nearest neighbor rule, and the
Parzen’s classifier. Section 4 contains the two theorems showing the equivalence
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between fuzzy and statistical classifiers. Some comments are presented in Section
5.

2. Fuzzy systems for classification

The discussion here will be confined to a particular class of fuzzy systems defined
below.

Let y(z) = [y1(2),...,yn (2)]T denote a vector produced by the classifier D when
x is submitted to its input. The coordinates of y(x) correspond to the set of classes
Q. According to (1) we construct y(z) so that

(i) yi(z) € {0,1}, ¢ = 1,..., M, where 1 means “true” and 0 “false” of the
respective class label, and

(i) Zf\il yi(z) =1, Vx € R™, i.e. one and only one class must be true for any z.

Let A; = {Ai1,..., 45} be a term set defined over the i-th feature axis,
i=1,...,n. Each 4;; is a fuzzy set with membership function

pa, ;s R —[0,1].

Definition 1 A fuzzy system for classification is the mapping
D:R" = Q
where D is formed as follows:

(a) Using the term sets A;, i = 1,...,n we consider K rules of the form:
Ry =1F (x11is A1 k,) and ... and (x, is Apk,)

THEN (yf is1) and (y¥is0,i#iy, i=1,.,M), k=1,. K,
where yF denotes the I-th component of the output vector y*, associated with

the kth rule.

(b) Let Ry(x) denote the strength of activation of the if-part of the rule. Ry(x)
is obtained by applying a certain t-norm to the degrees of satisfaction of the
clauses (x; is Ak, ).

(c) The fuzzy output is a vector §j(x) € [0,1]M whose components are the aggre-
gated values

gi(z) = AKX (yF, Ri(2)), i=1,..., M.

where A is an aggregation operator.
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(d) The final output y(z) is defined by the winner-take-all principle:

oy L i gi(r) = max; g;(z),
yi(w) = { 0, otherwise

If a tie occurs it is broken at random, i.e. §;(x) takes value 1 for a randomly
chosen one of those classes that have obtained equal maximal support, and 0,
for the rest.

In sequel, a fuzzy system for classification will be referred to simply as a fuzzy
system.

3. Two nonparametric statistical classifiers

3.1. k-nearest neighbor rule

One of the most theoretically elegant and yet simple classification techniques is
the k-nearest neighbor rule (k-NN)*. According to it, z is assigned the label of
the class where belong the majority if its k& nearest samples from Z in terms of a
certain metric over the feature space. The rule is asymptotically Bayes-optimal, i.e.
the error rate approaches the Bayes one with N — oo; k — oo and k/N — 0.

Another important result is that when & is fixed to 1 (the nearest neighbor rule),
and N — oo, the error rate is bounded from above by twice Bayes error rate.

3.2. Parzen’s classifier

Parzen’s classifier is based on a nonparametric approximation of class-conditional
p.d.f.s plugged in the Bayes formula (2). Let K(x) be a kernel function (or Parzen
window) which peaks at zero, is nonnegative, and has integral one over R”. The
multidimensional kernel function centered around Z; € R" is usually expressed in

the form h%,K (ﬁ_hzj ), where h is a smoothing parameter depending on the num-
ber of samples N. Then we can approximate the class-conditional p.d.f.s using the
sample set Z by®!

R 1 1 :L'—Zj
pN(a:/wi) = ﬁl QZh_nK( 5 ), ZjEZ.
J, Uj=1

where N; is the number of elements of Z from class w;. The estimate will be
asymptotically unbiased if®

lim h(N)=0.

N—o0

Taking as estimates of the prior probabilities:

P(w;) =

=]z
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we arrive at a plug-in estimate of the posterior probability

Pr(wi/a) = N;() Z‘,f—nK(x}Z")- 3)

j, 9]':’&

Let I(7,7) be an indicator function such that

16, j) = 1, if6; =4, ie., Z; comes from class w;;
)= 0, otherwise

Then (3) can be rewritten as

Py (wi/z) = —01 i[ < hZJ'). (@)

Jj=1

where the term C)(x) depends on z and N but not on the class label.

By definition, the approximation of the conditional p.d.f.s under the above con-
ditions is asymptotically unbiased. Having plugged the estimates into the Bayes
rule (2), it follows that the resultant classifier is also asymptotically Bayes-optimal.

A common choice of the kernel function is the multidimensional Gaussian kernel®:

LK (.’I?—Zk)_ 1
T ) T e R Jdet(S)

For this case the posterior probabilities (4) become

exp_# (e—Zp)T-27 (2= 2Z) (5)

Pn(wi/z) = —02 ZI” KG( hZ> i=1,..,M. (6)

Variety of kernel functions are listed in (Fukunaga, 1972)5. In fact, a large class
of widely used membership functions comply with the definition of a kernel function
up to a normalizing constant.

4. Equivalence between fuzzy systems and statistical classifiers
Let A;, i =1,...,n be formed in one-to-one correspondence with Z, i.e.
A ={Aix, ., Ain} = {“like-Z, onx,. .., “like_Zn_on_z!} (7)

We consider the following set of N rules:

Ry = “likeZ) = IF (z1is A1) and ... and (zy is Apy)
THEN (y§ =1) and (y5 is0, j # 6;) (8)

The aggregation operators A which will be used in the proofs below are

e maz-product

Aaf, Ri@) = | max, {yf - Ri(x)} and

k
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e COG-product

K (. k - Zszl yi - Ri(x)
Ak:l (yz aRk (ZL')) = ZI[::1 Rk(:lj)

Theorem 1 Let a fuzzy system be defined by (7) and (8), with A;; having
membership functions
L2
Wiike_Z;_on_z;(Ti) = exp(~(#i=21)")
Let the AND operation in the if-part be implemented as product, and the aggregation

A be implemented by max-product operator. Then the fuzzy system is equivalent
to the nearest neighbor classification rule.

Proof. The activation strength of the k-th rule is

n
=" (mi—zki)?
Ri(x) = [ mike-z-ona:(xi) = exp 2 (i)

=1

Therefore, the points equidistant from Z; will have the same membership value.
The closer the point to Zj, the higher the membership value. The i-th fuzzy output
is

gi(x) = max A{yi - Re(@)}. (9)
Since y¥ = 1 when the class label of Zj, is w;, and 0, otherwise, (9) can be rewritten
as

7i(z) = Lmax Ry (z).
Clearly, g;(z) is the membership grade corresponding to that vector from Z which
belongs to class w;, and which has the smallest Euclidean distance to the input
vector x. Therefore, by selecting the class label of the highest output, we assign to
x the class of its nearest neighbor. O

Theorem 2 Let a fuzzy system be defined by (7), (8), with A;; having mem-
bership functions
(_(wi—z]‘iﬁ)
Mlike_Z; —on_x; (z) = exp 2%

where h is a parameter. Let the AND operation in the if-part be implemented as
product, and center-of-gravity (COG) defuzzification operator be used as the aggre-
gation A. Then the fuzzy system is equivalent to the Parzen’s classifier.

Proof. The activation strength of the k-th rule is

n
__1_ n .52
Rp(x) = [ tike_zi-ona:(i) =exp 2 2 (i)

=1
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We can rewrite the above equation as:

Rk(],’) = exp_# (x_Zk)T‘E_l'(x—Zk)7

where the covariance matrix ¥ is equal to the identity matrix I,. Then Ry(z)
differs from the Gaussian kernel (5) only by a multiplication constant, so we can
equivalently substitute

Ri(z) = Cs Ko <”’” _hZ’“> .

The output ;(z), ¢ = 1,..., M obtained through COG defuzzification is

. — ZkNZnyRk('T) _ . N k .T—Zk
ils) = SIS = i) Yol KG< . ) (10)

Noting that y* plays the role of the indicator function, we observe that equa-
tions (6) and (10) differ only by a coefficient that does not depend on the class
i. Obviously, the decision obtained by choosing the class label of the output with
the maximal value is the same in both cases. Moreover this decision is optimal in
Bayesian sense. Therefore the fuzzy system is equivalent to the Parzen’s classifier.
O

5. Discussion and conclusions

In this paper two theorems have been proven showing the link between fuzzy systems
and two nonparametric statistical classifiers both from functional and morphological
perspective.

It is worth mentioning that:

e The proved equivalence implies that all the asymptotic properties of the sta-
tistical classifiers hold for the fuzzy system under the specified conditions.
For the finite-sample case, however, the behavior of both statistical and fuzzy
classifiers is difficult to study. Fuzzy systems are believed to possess a richer
toolbox for tuning the classification rule, thereby leading to better results.

e The knowledge representation here is not in the form of widely used linguistic
categories, e.g., {small, medium, high}, or any similar systematic ranking.
It is rather in a case-based form. Indeed, if we consider a quantization of
x; into sequential categories, and describe Z; € Z in terms of these, we can
arrive at a classical system of fuzzy if-then rules. Then each A;; will have
a linguistic label, like, e.g. “small”, “perfect”, “normal”, etc. In this case,
however, the straightforward parallel between the fuzzy and the statistical
classifiers considered here will be obscured. Instead, we will have to bring into
consideration some classification techniques suitable for discrete variables.
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6.

e Generally, the shape of the kernel function is not limited to the Gaussian.
Similar equivalence can be searched for replacing Gaussians with some widely
used membership functions. It is pointed out by Bishop' that instead of
increasing enormously the number N (number of the rules in the fuzzy system)
we can tune the kernel functions in order to achieve good results in the finite
sample case. This suggest using different membership functions for describing
the labels of the term set, varying both with respect to the coordinate axes
and to the members of the reference set Z.

e The parameter h defines the spanning of the influence of a given sample and
also may differ from one to another sample from Z, thus giving another tuning
instrument. In theory it is assumed that h is equal for all kernels. The
practical guideline for selecting a proper value, however, is very vague: if h
is too small the approximation will tend to ovetfit the data set and will be
too “noisy”. If h is too large, the estimated densities are oversmoothed, thus
obliterating eventual shape features of the p.d.f.s. The compromise can be
solved empirically, during the training process of the classifier.

e Classical fuzzy systems use membership functions separately on the feature
axes z;, 1 = 1,...,n. Then the firing operation is supposed to account for
all the dependencies between the features. In contrast, in the considered
equivalence, the kernel function can be nonseparable. This means that the
dependencies between features can be modeled by choosing the proper type
of membership function, or better by tuning its free parameters (e.g., the
covariance matrix) during training stage.
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