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Abstract. Is “useful diversity” a myth? Many experiments and the little
available theory on diversity in classifier ensembles are either inconclu-
sive, too heavily assumption-bound or openly non-supportive of the intu-
ition that diverse classifiers fare better than non-divers ones. Although a
rough general tendency was confirmed in our previous studies, no promi-
nent link appeared between diversity of the ensemble and its accuracy.
Diversity alone is a poor predictor of the ensemble accuracy. But there is
no agreed definition of diversity to start with! Can we borrow a concept
of diversity from biology? How can diversity, as far as we can define and
measure it, be used to improve the ensemble? Here we argue that even
without a clear-cut definition and theory behind it, studying diversity
may prompt viable heuristic solutions. We look into some ways in which
diversity can be used in analyzing, selecting or training the ensemble.

1 Introduction

Classifier outputs are combined in an attempt to reach a more accurate deci-
sion than that of a carefully designed individual classifier. It is curious that the
experts in the field hold diametrically opposite views about our current level of
understanding of combining classifiers. In his invited lecture at the 3rd Interna-
tional Workshop on Multiple Classifier Systems, 2002, Ghosh proposes that [5]

“... our current understanding of ensemble-type multiclassifier systems
is now quite mature...”

In an invited book chapter, the same year, Ho states that [8]

“Many of the above questions are there because we do not yet have a
scientific understanding of the classifier combination mechanisms.”

Ho proceeds to nominate the stochastic discrimination theory by Klein-
berg [9] as the only consistent and theoretically sound explanation of the suc-
cess of classifier ensembles, criticizing other theories as being incomplete and
assumption-dependent. However, as the usual practice invariably shows, inge-
nious heuristic developments are the heart, the soul and the engine in many
branches of science and research.



This study advocates one such idea: that of measuring diversity and incor-
porating it into the process of building of the ensemble. We draw upon the
somewhat futile efforts hitherto to define, measure and use diversity (our own
research in this number!). We are cautious to note that no strong claims are
made based on the small experimentation study reported here. The message of
this paper is that there is still much room for heuristic in classifier combination,
and diversity might be one of the lines for further exploration.

The paper is organized as follows. Section 2 explains diversity and its rein-
carnations. Section 3 looks into some ways in which diversity has been used in
classifier ensembles. In Section 4, an ensemble building version of AdaBoost is
proposed, which involves diversity and Section 5 concludes the paper.

2 Diversity

Classifiers in an ensemble should be different from each other, otherwise there
is no gain in combining them. Quantifying this difference, named also diversity,
orthogonality, complementarity, has been identified as an important research di-
rection by many authors [2,11,14,15,20]. Measures of the connection between
two classifier outputs can be derived from the statistical literature (e.g., [23]).
There is less clarity on the subject when three or more classifiers are concerned.
There is no strict definition of what is intuitively perceived as diversity. At least
not in the vocabulary of machine learning, pattern recognition and computer
science in general. Biologists and ecologists have axiomatized their idea of di-
versity several decades ago. For example, suppose that we are interested in the
height of adult gorillas in a certain region of Africa. Consider a population 7
with a probability measure P associated with it. The measure P defines the
distribution of heights for the population. A comprehensive study on diversity
in life sciences by Rao [18] gives the following axiomatic definition of a diversity
measure.

Let (X, B) be a measurable space, and let P be a convex set of probability
measures defined on it.! A function H(.) mapping P onto the real line is said to
be a measure of diversity if it satisfies the following conditions

Cl: H(P) > 0, for any P € P and H(P) = 0 iff P is degenerate.
C2: H is a concave function of P. 2

The concavity condition ensures that any mixture of two populations has a
higher diversity than the average of the two individual diversities. H(P;) is the
diversity within a population 7; characterized by the probability measure P;. Rao
defines H(P;) to be the averaged difference (((X5, X2)) between two randomly
picked individuals in the population 7; according to the probability measure P;

! Convexity means that for any P, P, € P, and for any t € [0,1], tP1 + (1—t)P, € P.
% The concavity here means that for any Pi, P> € P, and for any ¢t € [0,1], H(tP: +
(1—-t)P) >tH(P) + (1 —t)H(P)



H(P,) = / ((X1, X) PA(0X,) P, (0Xs). (1)

If the two individuals are drawn from two different populations m; and 7j,
then the total diversity will be

H(P,P) = [ (X1, X2)P.0X0) Py (0Xa). @
The dissimilarity between the two populations m; and m; is then

Dij = H(P, Fy) ~ 5 (H(P) + H(F,)) 3)

The concavity of H guarantees that D;; will be positive for any two popu-
lations and their probability measures. This dissimilarity is based on taking out
the diversity coming from each population and leaving only the “pure” diversity
due to mixing the two populations.

The distance ¢ could be any function that satisfies the axioms for distance
(nonnegativity, symmetry and a version of the triangle inequality). We can use
the Euclidean distance for quantitative variables and a “matching” type of func-
tion for qualitative variables, i.e., ( (X1, X2) = 1if the two variables have different
values and 0, otherwise.

The most useful ideas often drift across sciences and branches thereof. How
otherwise would neural networks and evolutionary computation become the pow-
erful algorithmic tools they currently are? Many more algorithms have come
about as a mathematical allegory for the underlying biological or physical pro-
cesses. The question is how can we translate the notion of diversity used success-
fully in biology, ecology, economics, etc., into the mathematical concept needed
in our classifier combining niche?

Our problem can be approached from two different angles as shown in Figure
1, depending on what we decide to be our “gorillas”. The variable of interest
here is the class label taking values in the set 2 = {wi,...,w.}. We suppose
we have a data set Z = {z1,...,zx} on which the L classifiers in the ensemble,
D = {D,,...,Dy}, are tested. Each classifier suggests a class label for every
data point z;. Thus a population will be a collection of objects (classifiers or
data points?) with the respective values of the class label.

We can regard the classifier outputs for a given data point z; as a popula-
tion. The diversity within the population will be the diversity of the ensemble
with respect to the particular point in the feature space. The within-population
diversity H(P) can be measured by the entropy of the distribution of class la-
bels among the classifiers or by the Gini index. Let P be the probability that
a randomly chosen member of the population outputs label wy, (}";_, Pr = 1).
Then the Gini diversity within a population of L classifiers is

H(P):G:l—iP,f. (4)
k=1
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Fig. 1. Two perspectives on diversity in classifier ensembles

This concept underlies the variance component of the error suggested by Kohavi
and Wolpert [10] and is also suggested as a measure of diversity within population
by Rao [18]. The data set consists of N such populations, one for each data point.
Therefore, the average diversity across the whole feature space is calculated as
the average G over the data set Z.

The alternative view is to consider the data points as the elements of the
population and the classifier as the environment responsible for the distribution
of the class labels. In this case, the within-population diversity is not of much use
to us; we are interested in the diversity between populations, i.e., between clas-
sifiers. Most often we calculate some pairwise measure of diversity and average
it across all pairs to get a value for the whole ensemble.

An immediate equivalent of the total diversity H(P;, P;), assuming that m;
and m; are two populations produced by classifiers D; and D; is the measure
of disagreement Dis [7,13,22]. We consider the oracle type of outputs from
classifiers D; and Dy, i.e., for every object in the data set, the classifier is either
correct (output 1) or wrong (output 0). Then the populations of interest consist
of 0’s and 1’s. We do not assume that the new distribution is simply a mixture of
the two distributions. Instead we consider a new space with 4 elements: 00, 01,
10, and 11. Denote the probabilities for these joint outputs of D; (first bit) and
D, (second bit) as follows Pr(11) = a; Pr(10) = b; Pr(01) = ¢ and Pr(00) = d.
The typical choice for the distance as mentioned before is {(m,n) = 1, iff m # n,



and 0, otherwise. Then
H(P;,P;) =¢(1,1) xa+¢(1,0) x b+((0,1) x ¢+ ¢(0,0) xd = b+ ¢ = Dis. (5)

This is the expectation of the disagreement between classifiers D; and D; in the
space of their joint oracle outputs.

However, the disagreement measure does not take out the individual diver-
sities of m; and 7; as does D;; in (3). An analogue (in spirit) of the dissimilarity
measure would be the kappa statistic, x. It measures the agreement between
two categorical variables while correcting for chance [4]. For ¢ class labels, & is
defined on the ¢ x ¢ coincidence matrix M of the two classifiers. The entry my, ,
of M is the proportion of the data set (used currently for testing of both D; and
D;) which D; labels as wy, and D; labels as w,. The agreement between D; and
D; is given by
_ Ek Mrk — ABC (6)
~ 1- ABC ’
where ), myy is the observed agreement between the classifiers and ‘ABC’ is
“agreement-by-chance”

ABC = ; (Z mk,s> (Z ms,k) : (7)

Low values of k signify higher disagreement and hence higher diversity. If calcu-
lated on the 2 x 2 joined oracle output space,

2(ac — bd)

et d tat0btd) ()

K

The bad news is that despite the large number of proposed measures and
formalizations, there is no consensus on what diversity of a classifier ensemble
is, which approach should be used to measure it (gorillas = classifiers or gorillas =
data points) and what is a good measure of diversity. We will leave this question
unanswered here, just acknowledging the “diversity of diversity”, and will abstain
from strongly advocating one measure or definition over another. In our previous
studies we sightly favored the @ statistic (for oracle outputs) [13] because of its:
(a) potential sensitivity to small disagreements; (b) value 0 indicating statistical
independence; and (c) the relatively small effect of the individual accuracies on
the possible range of values of Q). In the rest of this study we draw upon the
existing literature and in particular kappa-error plots proposed by Margineantu
and Dietterich [16], hence out choice of «.

3 Using diversity

The general anticipation is that diversity measures will be helpful in design-
ing the individual classifiers, the ensemble, and the combination method. For
this to be possible, there should be a relationship between diversity and the



ensemble performance. However, the results from our experiments so far have
been disheartening, to say the least [13,21]. We did not find the desired strong
and consistent relationship to guide us into building better ensembles. Although
the suspected relationship appears on a large scale, i.e., when diversity spans
(uniformly) the whole range of possible values, in practice we are faced with
a different picture. Usually the candidates for the ensemble are not very dif-
ferent from one another. This leads to small variations of diversity and also
small variations of the accuracy of the ensemble about the individual accuracies.
Unfortunately, none of the various diversity measures that we investigated previ-
ously (10 measures: 4 pairwise and 6 non-pairwise [13]) appeared to be sensitive
enough to detect the changes in the accuracy. This phenomenon is illustrated in
Figure 2 showing a typical graph of “accuracy” versus “diversity”. A scatterplot
of this type was obtained when we simulated classifier outputs with preassigned
accuracy (approximately equal for all ensemble members) and preassigned di-
versity (approximately equal diversity for all pairs). The relationship can easily
be spotted on the plot. However, when diversity only varies in a small range,
this relationship is blurred (the gray dot and the cloud of classifiers in it).
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Fig. 2. A typical accuracy-diversity scatterplot. Each point corresponds to an ensemble.
The gray dot shows a hypothetical area where ensembles appear most often in real
problems.

If we do not enforce diversity, the ensemble is most likely to appear as a dot
towards the right side of the graph. For these ensembles, the improvement on
the individually best accuracy is usually negligible.

Note that the neat relationship in Figure 2 was obtained under quite artificial
circumstances. When the members of the ensemble have different accuracies
and different pairwise diversities, such a relationship has not been found. Then



is measuring and studying diversity a wasted journey? Several studies which
explicitly use diversity to help analyze or build the ensemble offer answers to
this skeptical and provocative question.

3.1 Diversity for finding bounds and theoretical relationships

Assume that classifier outputs are estimates of the posterior probabilities, 13z (ws]x),
s=1,...,¢, so that the estimate P;(w4|x) satisfies

Py(ws]x) = P(ws|x) +773(x), (9)

where ni(x) is the error for class w, made by classifier D;. The outputs for
each class are combined by averaging, or by an order statistic such as minimum,
maximum or median. Tumer and Ghosh [24] derive an expression about the
added classification error (i.e., the error above the Bayes error) of the team
under a set of assumptions

1+0(L—-1
i = Buaa (PR, (10)

where E,qq is the added error of the individual classifiers (all have the same
error), and 4 is a correlation coefficient (the measure of diversity of the ensem-
ble)3.

Breiman [1] derives an upper bound on the generalization error of random
forests (ensembles of decision trees built according to a simple randomization
technology, one possible variant of which is bootstrap sampling) using the aver-
aged pairwise correlation between the ensemble members. The classifiers produce
class labels and majority vote is assumed as the combination method. The bound
is given by

Pr( generalization error of the ensemble ) < (1 — s?)s?, (11)

where p is the averaged pairwise correlation (our diversity measure)?, and s is
the “strength” of the ensemble. The strength is a measure of accuracy based on
the concept of margin. Admittedly the bound is not very tight as it is based on
the Chebyshev’s inequality but nonetheless it shows the tendency: the higher
the diversity (small 7ho), the lower the error.

Both results can be viewed as pieces of that yet missing more general theory
of diversity.

3 Averaged pairwise correlations between Pi(ws|x) and Pj(ws|x), i, = 1,..., L are
calculated for every s, then weighted by the prior probabilities P(ws) and summed.

4 Since the classifier outputs are labels, therefore categorical, the correlation is cal-
culated between the two oracle outputs. For every data point z; € Z, the output
of D; is taken to be 1 if the suggested label for z; matches the true one, and —1,
otherwise.



3.2 Diversity for visualization

Diversity measures have been used to find out what is happening in the ensemble.
Pekalska and coauthors [17] look at a two-dimensional plot derived from the
matrix of pairwise diversity. Each classifier is plotted as a dot in the 2-d space
found by Sammon mapping which preserves the “distances” (diversities in our
case). The ensemble is a classifier itself and can also be plotted. Any method
of combination of the individual outputs can also be mapped. Even more, the
oracle classifier (all objects correctly recognized) can be plotted as a point to
complete the picture.

Margineantu and Dietterich suggest the kappa-error plots as shown in Figure
3 [16]. Every pair of classifiers is plotted as a dot in a two-dimensional space.
The pairwise measure kappa (6) is used as the z-coordinate of the point and
the average of the individual training errors of the two classifiers is used as the
y-coordinate. Thus there are L(L —1)/2 points in the scatterplot. The best pairs
are situated in the left bottom part of the plot: they have low error and low
kappa (low agreement = high diversity).
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Fig. 3. Kappa-error plot, the convex hull, and the Pareto optimal set of pairs of clas-
sifiers

The cloud of points shows the pairwise diversity in one ensemble. Margineantu
and Dietterich use it to verify that AdaBoost generates more diverse classifiers
than Bagging. The example in the figure corresponds to an ensemble of 50 classi-
fiers for the glass data set from UCI Machine Repository Database °. The shape

% http://www.ics.uci.edu/~mlearn/MLRepository.html



of the cloud indicates that there is a certain trade-off between the accuracy of
the pair and its k-diversity.

The disagreement measure mentioned before, Dis = b+c¢, was used by Skalak
[22] to characterize the diversity between a base classifier and a complementary
classifier, and then by Ho [7] for measuring diversity in decision forests.

3.3 Overproduce and select

Several studies try the method of producing a pool of classifiers, usually by
bagging (taking bootstrap samples from the data sets and building a classifier
on each sample) or boosting (modifying the training set for every new member of
the ensemble by putting more “emphasis” on the hard objects). Then a selection
procedure is suggested to pick the members of the team which are most diverse
or most diverse and accurate.

Giacinto and Roli [6] use the double fault measure (probability of both clas-
sifiers being incorrect, DF = d) and also the @ statistics [19], to form a pairwise
diversity matrix for a classifier pool and subsequently to select classifiers that
are least related. The selection is carried out using a search method through the
set of all pairs of classifiers until the desired number of ensemble members is
reached.

Margineantu and Dietterich [3,16] use kappa to select the ensemble out of
the set of classifiers produced by AdaBoost. They call this “ensemble pruning”.
One proposed technique matches the work by Giacinto and Roli. The pairwise
k’s are calculated for the whole ensemble. The pruned ensemble is created by
progressively selecting pairs with lowest kappas (highest diversity) until the de-
sired number of classifiers is reached. Since both studies apply greedy algorithms,
optimality of the selected ensemble is not guaranteed.

Another interesting strategy of selection is to use the kappa-error plots. As
the most desirable pairs of classifiers are situated toward the lower left corner of
the plot, Margineantu and Dietterich use the convex hull [16], called kappa-error
convex hull pruning. The convex hull of points is depicted in Figure 3 with a
thick line.

It might happen that the convex hull contains only a few classifiers on the
frontier. Small variations of the estimates of k and % might change the whole
frontier, making convex-hull pruning overly sensitive to noise. The number of
classifiers in the pruned ensemble cannot be specified in advance. This lack of
control on the ensemble size is seen as a defect of the method [16].

Therefore we may look at Pareto optimality as an alternative to the con-
vex hull approach. Let A = {aj,...,a,} be a set of alternatives (pairs in our
case) characterized by a set of criteria C = {C},...,Cun} (low kappa and low
error in our case), The Pareto-optimal set S* C S contains all non-dominated
alternatives. An alternative q; is non-dominated iff there is no other alternative
aj €S, j #1,so0 that a; is better than a; on all criteria. For the two criteria in
our example, the Pareto optimal set will be a superset of the convex hull. The
concept is illustrated in Figure 4.
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Fig. 4. Tllustration of Pareto optimality

The Pareto-optimal set for the glass data example is depicted in Figure 3 by
a thin line joining the circled points in the set.

4 Diversity for building the ensemble

Here we only sketch a possible use of diversity during the process of building of
the ensemble. The motivation is that diversity should step out of the passive role
of being only a tool for monitoring and should help actively at the design stage.
The overproduce-and-select approach discussed earlier is a step in this direction.
However, we need to overproduce first. An alternative approach would be to
stop the growing of the ensemble when diversity and accuracy satisfy a certain
condition.

We take as the starting point the kappa-error diagram and run AdaBoost®.
The first and the second classifier (D; and Dj) will define one single point on
the diagram. This point will be the convex hull and the Pareto optimal set of
itself. The third classifier, D3,will place two more points: one for (D, D3) and
another for (D, D3). At this step we recalculate the Pareto optimal set. If the
points by new classifier have not changed the previous Pareto optimal set, then
this classifier is not accepted. Another training set is generated with the same
distribution and a new classifier is attempted on it. We run the acceptance check
again, and proceed in this manner. A pre-specified parameter T' defines the limit
number of attempts from the same distribution. When 7' attempts have been
made and a classifier has not been accepted, the procedure stops and the classifier
pairs in the last Pareto optimal set are declared to be the ensemble.

Next we give some experimental results with the proposed ensemble con-
struction method. Four data sets were used, three from the UCI and one called
“cone-torus””. The characteristics of the data sets are summarized in Table 1.

Table 2 shows the errors (in %) and the number of classifiers in the ensembles
for the standard AdaBoost (run up to 50 classifiers), the kappa-error selection

5 We use AdaBoost in its resampling version: the likelihood of data poins to be selected
is modified.
" Available at http://www.bangor.ac.uk/~mas00a/Z.txt and Zts.txt, [12]



Table 1. Characteristics of the data sets used

Name Objects Classes Features Availability
glass 214 6 9 UCT®
cone-torus 800 3 2 see footnote 7
liver 345 2 6 ucr
pima, 768 2 8 UCI®

from the final ensemble of 50 using Pareto optimality, and the proposed diversity-
incorporation method (T = 5 and T = 10). All the results are the testing
averages from 20 runs. At each run we split randomly the data set into 90%
training and 10% testing. The same 20 splits were used with each method. The
“winner” (smallest error) for each data set is marked in boldface.

Table 2. Testing error in % (and ensemble size L), average from 20 splits into 90/10
training/testing

Data set Classical Select from 50 Incorporate Incorporate
AdaBoost (Pareto) diversity, T = 5 diversity, T = 10
glass 23.18 (50) 25.00 (28.55) 22.95 (24.85) 24.09 (34.95)
cone-torus  12.38 (50) 12.56 (33.70) 12.81 (37.00) 12.25 (41.50)
liver 30.29 (50) 32.14 (16.45)  32.71 (7.8) 28.43 (9.10)
pima 26.43 (50) 28.05 (16.40) 29.09 (6.30) 28.64 (8.85)

As we all know, miracles rarely happen in pattern recognition. If our results
appear dramatically better than everybody else’s then better double check the
code! The results here show that we can sometimes achieve better performance
than standard AdaBoost with smaller number of ensemble members. In any case,
this part of the paper was not intended as a consistently examined new ensemble
building technology. It is instead an illustration of the potential of diversity as
an ensemble building aid.

5 Conclusions

This talk looks into diversity again, asking the same old awkward question: do
we need to measure and exploit diversity at all? We try to relate the notion of
diversity, which appears well channeled in biological and ecological studies, to
diversity in combining classifiers. Unfortunately, a straightforward translation
is not apparent at this stage, so some analogues from the field of combining
classifiers are presented.

Subsequently, the usage of diversity is summarized into four main bullets:
for theoretical relationships and limits, for monitoring, for selection from a given
pool of classifiers, and for direct use in building the ensemble. The fourth di-
rection seems to be the least researched. The lack of effort can be explained



by the discouraging results trying to link unequivocally diversity with the en-
semble error for practical purposes. If there is no proven link, then why bother
incorporating diversity into the building of the ensemble? For regression and
approximation such a link exists, and there are increasing amount of studies on
training the members of the ensemble by enforcing negative correlation between
the classifier outputs.

However, as argued at the beginning, heuristics sometime produce a surpris-
ing escape from what seems to be a dead end. Even without an agreed upon
definition, based upon intuition only, diversity can be put to work. Once suc-
cessful, there should be explanations and maybe a theory that will tell us when,
where and how we can make the best of diversity. Will the quest for diversity,
now a marginal streak in the research on classifier combination, resurface one
day as a major theory for new ensemble creating methods?

Let us return to the experts’ disagreement about where we are. My personal
view is that we have accumulated quite a lot of unstructured insight on clas-
sifier combination. We have a good critical mass of experimental studies and
some patchy but exciting theory on different ensemble building and combination
methods. So, yes, we know a lot and, no, we don’t have the all-explaining theory.
This makes our field of research what it is — challenging and entertaining.
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