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ABSTRACT

Sequential forward selection (SFS) is one of the most
widely used feature selection procedures. It starts with an
empty set and adds one feature at each step. The estimate
of the quality of the candidate subsets usually depends on
the training/testing split of the data. Therefore different
sequences of features may be returned from repeated runs
of SFS. A substantial discrepancy between such sequences
will signal a problem with the selection. A stability index
is proposed here based on cardinality of the intersection
and a correction for chance. The experimental results with
10 real data sets indicate that the index can be useful for
selecting the final feature subset. If stability is high, then
we should return a subset of features based on their total
rank acrossthe SFSruns. If stability islow, thenit is better
to return the feature subset which gave the minimum error
acrossall SFSruns.

KEY WORDS
Pattern recognition, Feature selection, Stability index, Se-
guential Forward Selection (SFS)

1 Introduction

Feature selection has been a focus of pattern recognition
for along time now [13, 4, 9, 2, 3, 7, 12, 10, 11]. It has
been well documented that a subset of features may work
better than the entire set [6]. This phenomenon, termed
“peak effect”, is explained by the fact that constructing the
true minimum-error classifier from finite training data is
impossible, and the (imperfect) approximation is adversely
affected by irrelevant features. Hence selecting a suitable
subset of featuresis not only computationally desirable but
can also lead to better classification accuracy.

In this paper we are interested in the wrapper ap-
proach to feature selection. The quality of a feature sub-
set is measured by an estimate of the classification accu-
racy of achosen classifier trained on the candidate subset.
The problem addressed here comes from the fact that the
estimate of the classification accuracy is a random vari-
able. Therefore, when two feature subsets are compared,
the decision as to which one should be preferred involves
uncertainty. This is particularly important in the sequen-
tial feature selection methods which augment or reduce the
selected subset at each step. A flip inthe decision at an ear-
lier step may lead to a completely different selection path,
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and result in a very different subset of features being se-
lected. Stability of the selected features is an important
aspect when the task is knowledge discovery, not merely
returning an accurate classifier. The domain experts will
try to reason why the returned subset of features contains
the most relevant discriminatory information. If there have
been numerous different subsets of approximately equal
quality, presenting the user with only one subset may be
misleading.

It is curious that little attention has been devoted to
the stability of the estimate of the criterion value, an is-
sue independently raised by Dunne et a. [5] and Kalousis
et a. [8]. Simaet a. [14] argue that differences in per-
formances among feature selection algorithms are less sig-
nificant than the performance differences among the error
estimators used to implement the algorithms.

Here we propose to look at the agreement between
the sequences as a measure of stability of the selected fea
ture subsets. The rest of the paper is organised as follows.
Section 2 introduces the stability index. In Section 3, we
discuss the problem of how to choose a feature subset in
case of multiple selection sequences. Experimental results
with 10 data sets are given in Section 4, and Section 5 con-
cludes the paper.

2 A Stability Index

2.1 The stability problem in Sequential Forward Se-
lection (SFS)

Consider the sequential forward selection (SFS) procedure
[15]. Let X = {z1,...,x,} bethe original set of fea-
turesand J(S) be ameasure of quality of asubset S C X.
Starting with an empty subset, .S, one feature is added at
each step. To choose this feature, all possible subsets of
S U {z;} are evaluated, where z; is a feature from X
which isnot in S. The best feature to add is taken to be
r* = argmax,, cx\s J (S U {z:}).

The problem is that we do not have the exact value
of J(S U {z;}) but only an approximation thereof evalu-
ated on a part of the training data. Thus the choice of = *
depends on the accuracy of this estimate. If alarge train-
ing set is available or if one can afford a large number of
data shuffling runs, so that the variance of J(S U {z;}) is
small, the estimate will be reliable enough and the choice
of z* will be unequivocal. However, when thisis not pos-
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sible, we have to account for the variability of J(S U {z;})
in other ways. If SFSis run to the end, the result is a se-
guence of features entering the subset. If a subset of d fea-
tures is required, the first d features of the sequence will
be returned. Suppose that we carry out K runs of SFS and
record the sequences S1, So, . .., Sk. The questionis how
similar these sequences are and whether this similarity can
help us choose the final subset to be returned to the user.

2.2 Consistency between a pair of subsets

Let A and B be subsets of features, A, B C X, of the same
size (cardindlity), k. Let r = |A N B| be the cardinality
of the intersection of the two subsets. A list of desirable
properties of a consistency index for a pair of subsets is
given below

1. Monotonicity. For afixed subset size, k£, and number
of features, n, the larger the intersection between the
subsets, the higher the value of the consistency index.

2. Limits. The index should be bound by constants
which do not depend on n or k. The maximum value
should be attained when the two subsets are identical,
i.e,forr =k.

3. Correction for chance. Theindex should have acon-
stant value for independently drawn subsets of fea
tures of the same cardinality, k.

A general form of such index is

Observed r — Expected r
Maximum r — Expected r

@

Maximum r equals k, achieved when A and B are
identical subsets. To evaluate the expected cardinality of
the intersection, consider r to be a random variable ob-
tained from randomly drawn A and B of size k from a set
X of sizen (without replacement). We can think of subset
A asfixed. Suppose that the elements of X \ A are col-
ored in white and those in A are colored in black. A set
B of size k is selected without replacement from X. The
number of objects from A (black) selected also in B isa
random variable Y with hypergeometric distribution with
probability mass function

k\ (m—k
(r) (k’—T)
(%)
The expected value of Y for given k and n is %
Definition 1. The Consistency Index for two subsets

A C X and B C X, suchthat |A|] = |B| = k, where
0<k<|X|=n,is

P(Y=r)= ©

r—E rn — k2

This index satisfies the three properties above. First, for
fixed k and n, Ic(A, B) increases with increasing r. Sec-
ond, the maximum value of the index, I-(4,B) = 1, is
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achieved when » = k. The minimum value of the index is
bound from below by —1. The limit value is attained for
k = % andr = 0. Note that Ic(A, B) is not defined for
k =0and k = n. These are the trivial cases where either
no feature is selected or all features are selected. They are
not interesting from the point of view of comparing fea-
ture subsets, so the lack of values for I (A, B) in these
cases is not important. For completeness we can assume
Ic(A, B) = 0 for both cases. Finaly, Ic(A, B) will as-
sume values close to zero for independently drawn A and
B because r is expected to be around %

2.3 Anexample

Consider the following two hypothetical sequences of fea-
tures obtained from two runs of SFS on a data set with 10
features.

Sl - {ng,.’L’7,fL’2,$1,$3,$10,$8,CE4,$5,{L’6}

SQ - {$3,$7,f)§'9,$107$2,$4,$8,$6,"L’1,$5}

Denote by S; (k) the subset of the first & features of
sequence S;. The cardinality of the intersection of S1(3)
and 52(3) is |{l‘7,$g}| = 2. Then

_2x10-3* 11

Ic(51(3), 52(3)) = SG0—3) a1~ 0.5238.

Figure 1 shows I(S1(k), S2(k)) against the set size
k. By introducing the correction for chance the consis-
tency index I differs from two indices proposed previ-
ously. Kalousis et al. (2005) introduce the similarity index
between two subsets of features, A and B, as

|A|+|B|-2/AnB| |ANB]

Ss(A,B)=1-— = ,
s(4,B) [A[+|B|—|AnB| [AUB|

(4)

where | - | denotes cardinality, ‘N’ denotesintersection and
‘U’ denotes union of sets. Dunne et a. (2002) suggest to
measure the stability using the relative Hamming distance
between the masks corresponding to the two subsets, which
in set notation is

_ANBI+[B\ 4]

Sp(A,B) =1 -

©)

where ‘\’ is the set-minus operation and n is the total
number of features. The two indices were calculated for
S1(k), S2(k) from the example above, where k was varied
from 1ton. Theresults are plotted also in Figure 1. While
all threeindicesdetect thedip at k = 4 features, Sg and Sy
have a tendency to increase when the size of the selected
set approachesthe total number of featuresn. The point of
view advocated here is that consistency should have high
value only if it exceeds the consistency by chance or by
design.
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Figure 1. Consistency index I~ and similarities Sg, Sy
for sequences S; and S, (the example in the text) plotted
against the subset size &

2.4 A stability index for K sequences

Let S1,59,..., Sk bethe sequences of features obtained
from K runs of SFS on a given dataset.

Definition 2. The Stability Index for a set of se-
quences of features, A = {S1,5,... Sk}, for agiven set
size, k, isthe average of all pairwise consistency indices

9 K-1 K
Is(A(k)) = I((T—l) Z Z IC(Sz(k)aSJ(k))
i=1 j=it1l
(6)

Averaging the pairwise similarities to arrive at a sin-
gleindex is aso the approach adopted for both S g and S
[5, 8]. Denote the averaged indices by Sg and Sy, re-
spectively. To strengthen the argument for correction for
chance, Figure 2 shows Zg, Ss and Sy across all pairs of
10 independently generated random sequences. Only Z g
gives consistency around zero for any number of features
k. Similarity Sg favourslarge subsetsand S favourslarge
and small but not medium-size subsets. For these reasons
only Zg is considered in the rest of the paper.

Toillustrate the operation of Z s onreal data, we chose
the Spam dataset from the UCI repository [1] (2 classes, 57
features, 4601 objects). The problem is to distinguish be-
tween spam and legitimate e-mail. Thefirst 54 features are
the frequencies of each of 48 words and each of 6 char-
acters. The remaining 3 features are the average length of
uninterrupted sequences of capital letters, the length of the
longest uninterrupted sequence of capital letters and total
number of capital letters in the e-mail. All features are
continuous-valued. This set was chosen because the im-
portance of the features can only be guessed at the time
the data collection was started. This means that many fea-
tures may turn out to be redundant, so feature selection is
paramount. Figure 3 shows Zg against k for two experi-
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Figure 2. Consistency index Zs and similaritiesSg, Sy for
10 random sequences plotted against the subset size &
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Figure 3. Consistency index Zg for the Spam dataset with
10 and 100 evaluationsfor each J(S)

ments, each producing K = 10 sequences In the first ex-
periment, for each subset candidate .S, the criterion J(5)
was obtained as the average of T' = 10 evauations while
in the second experiment we used 7' = 100.

As expected, when the variance of the estimate of
J(S) islower (T' = 100), thestability Zs ishigher. Thereis
adip in the consistency after the first selected feature (53
= the frequency of character ‘$’ in the message), on which
all the selection runs agree for 7' = 100. It seems that
the first feature is important on its own and is not involved
in a distinctly informative pair with another feature. The
sequences are also fairly consistent toward the end, which
singles out a set of redundant features, e.g., the frequency

of words such as“you”, “ e-mail” and “receive’.

your”,



3 Feature selection from multiple sequences

The four basic issues in feature selection, formulated by
Langley (1994), are

(1) Starting point. In this study the standard sequen-
tial forward selection (SFS) is applied, therefore the start-
ing point for each S; isthe empty set.

(2) Construction of candidate subsets. To derive
Si(k + 1), al subsets of size k + 1 containing S;(k) and
another feature are formed and checked. The best subset is
retained.

(3) Criterion for evaluating the candidate subsets. In
this study we adopt a wrapper approach whereby the qual-
ity of a feature subset, S;(k), is gauged by an estimate
of the classification error, J(S;(k)), of a classifier built
using only the k features in S;(k). Any classifier model
can be employed. For the purposes of illustrating the fea-
ture selection process from a collection of sequences S, (k),
i =1,..., K, we picked the simple nearest mean classi-
fier. Each object is labelled to the class with the nearest
mean (Euclidean distance is used throughout the experi-
ment). The means are estimated from the training data.

(4) Stopping criterion. The peak effect which nor-
mally occurs through the selection process suggests that
thereisan optimal number of featuresfor the chosen classi-
fier. The minimum of the error isfound and the correspond-
ing feature subset is returned. Searching for a minimum
can be done on-line so that the selection is stopped as soon
the next feature does not improve on J(S;(k)). However,
knowing that the error is non-monotonic on & in principle,
as well as knowing that the obtained J(S;(k)) is only an
estimate of the true value, stopping at the first minimum
found may be far off the optimal solution. The alternative
is to run the selection until all features enter the optimal
subset, i.e,, S;(n) = X, forali=1,..., K. Theoptimal
number of featuresis decided afterwards.

Treating J as arandom variable and taking the result
of multiplerunsraise new questionsand requirea complete
re-thinking of (3) and (4) in the above list. For example,
given the set of sequences A = {51, Ss,. .., Sk}, what fi-
nal subset of features should we return to the user? Should
Zs betaken into account in deciding whether afinal subset
should be returned to the user at al? If so, how? Know-
ing that Zs does not depend on J, can the two be used in
conjunction to determine a stopping point for the search?

3.1 Choosing afinal sequence of features

In order to cut a subset of features to return to the user,
afinal sequence S* has to be chosen. Given A, there are
various intuitive options for choosing S * and the number
of features. The following two options comply with the
current practices

e Rank the features in each sequence S; so that the
best feature (the one starting the sequence) is assigned rank
1, the second is assigned rank 2, etc. Sum up the K ranks

393

for each feature. Order the features in ascending order by
thetotal ranksto get afinal sequence S’

rank*

o Find the sequence with the minimum local error.
o = argin {iin J(5:(0) |

Having a set of sequencesinstead of a single one opens up
amultitude of choices with respect to selecting the number
of features d. Some of the possible way to pick d are

(a.) Using the final sequence, pick the number d such
that d = argminy J(S*(k)).

(b.) Using the final segquence, fit a polynomia to
J(S*(k)) as afunction of k. Find the minimum analyti-
cally using the coefficients. The integer value of k closest
to the minimum s retrieved as d. The benefit of this calcu-
lation is that the criterion curve will be smoothed. Fluctu-
ations of J(S*(k)) are expected to occur due to estimation
errors. Such fluctuations will represent noise in the selec-
tion process and so should be eliminated.

(c.) Apply (& on the mean error across the K se-
guences.

(d.) Apply (b) on the mean error across the K se-
guences.

(e) Find the suggested number of features for each
S; by either (a) or (b). Let d; bethis number for sequence
Si,i=1,..., K. Comparedl d; and deriveafina d based
on median, mode or mean.

(f.) Find a set of “consistent values’ d, for which the
sequences agree, i.e.,

Dcons = {d|1 < d < naIS(-A(d)) > 9}’

where 0 is a predefined threshold on Zg. Choose d to be
the one with the smallest J(S*(d)) within D¢ops.

All the experiments in the next section were car-
ried out with option (a). If the final sequence is S} ;,,
then picking d is straightforward because the errors for
k = 1,2,...,n are avalable from the training run pro-
ducing S7;,. If S ., ischosen, another evaluation run has

to be carried out in order to find the validation error of each
SUbset S:ank (k) .

4 Experimental results

The experiment in this paper is rather exploratory. We seek
to find a relationship between the stability of the selected
sets and the choice between S, and S, . Intuitively,
if stability is high, Sy, would be better because it will
smooth out the small discrepancies between the selected
subsets. If stability is low, perhaps there have been runs
which have discovered by chance irregular troughs of the
error criterion J, accounting for a set of dependent and use-
ful features. In that case it may be better to use S} ;,, and
return the best feature subset across all individual runs.



4.1 Data

Table 1 shows a summary of the ten data sets chosen for
the feature selection experiment:- 8 datasets from UCI [1]
and 3 additional medical datasets. Scrapie, Laryngeal and
Contractions.

4.2 Experimental protocol

The following steps were carried out with each data set

1. The data set was divided into a training part (2/3),
and atesting part (1/3).

2. SFS was run 10 times on the training part only,
with the nearest mean classifier (NMC) within the wrap-
per approach. Thus K = 10 sequences of features were
obtained.

3. To evauate J, for each candidate subset, an
NMC was trained on 90% of the training data, called “pre-
training set”, and tested on the remaining 10% of thetrain-
ing data, called a “validation set”. To examine the effect
of stability of the estimate, this procedure was repeated
T times for each candidate subset with a different random
split of the training datainto 90% pre-training and 10% val -
idation parts. Theresultant value J(.S) for a candidate sub-
set S was taken to be the average validation error acrossthe
T runs. Two valuesof T weretried: T = 10 and T' = 100.
Thus two sets of sequences were obtained, denoted A+
and Ao, respectively.

4. A random set of 10 sequences, A a4, Was gen-
erated for comparison. Each of the 10 sequences was a
random permutation of the integers from 1 to n drawn in-
dependently of the other permutations.

5. The stability index Zs(.A(k)) was calculated for
Ajo and Ajpo.

6. Final sequences S, and S, were obtained
from for each of A,y and A;¢g, as explained above.

7. The suggested number of features, d was obtained
through method (a). The classification error for each final
seguence and each k was evaluated on the testing set. First
an NMC was trained on the whole training set using the
featuresin S* (k) and then tested on the testing set.

Table 2 showsthe resultsfrom the experiments. There
is no clear favourite between S}, and S . However,
an interesting tendency can be observed. For Zg > 0.5,
S¥ i Provides, in general, better solutionsthan S . . This
confirms the intuition that when high stability is detected,
smoothing the discrepancies is beneficial. Conversely, if
stability islow Zg < 0.5, the best individual run should be
chosen. The exceptions from this observations are Sonar
withT = 10 and T = 100, Spamwith 7" = 10 and Vehicle
with T = 100. As there are 8 out of the 10 cases sup-
porting the tendency for each 7', based on this experiment,
we can suggest that the tendency is not due to chance, with
level of significance p < 0.10. This observation is valid
for the chosen parameters of the experiment: SFS, near-
est mean classifier, K = 10 sequences, and T" = 10 or
T = 100. Given that the experiment was of exploratory
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nature, it would be too premature to speculate and gener-
aise.

5 Conclusion

A consistency index is proposed here to help feature selec-
tion when multipl e sel ection sequences are available. It can
be used to find out whether a final sequence based on the
feature ranks will be a good solution. If stability is high
(Zs > 0.5), therank order of the features, S, .., appeared
to be better than choosing the subset with the minimum er-
ror found during training. On the other hand, if stability is
low, the best individual runs can be more useful. Alterna-
tively, in the case of low consistency, we may abstain from
selecting any features.
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Table 1. Datadescription and error ratesfor d = 0 selected featuresand d = n (all) selected features

Features Classes Objects  Error with no Error with all

Dataset n c N features(d = 0) features(d = n)
Contractions 2 27 98 0.500 0.173 +0.026
Image 7 19 210 0.857 0.297 +0.020
lonosphere 2 34 351 0.359 0.276 +£0.015
Laryngeal1 2 16 213 0.620 0.367 +0.020
Scrapie 2 14 3113 0.829 0.312 40.005
Sonar 2 60 208 0.534 0.325 40.021
Spam 2 57 4601 0.3%4 0.321 +0.005
Spect 2 44 349 0.728 0.324 +0.014
Vehicle 4 18 846 0.749 0.612 +0.009
Votes 2 16 232 0.534 0.095 40.012

Table 2. Number of selected features d, error rates £/ and stability Z ¢ obtained from a random sequence of features, R, the
ranked sequence S, and the minimum-selection sequence S . ,for T'= 10 and 7" = 100 evaluation runsfor J

rank min’

T=10 T =100
Datast Method —d  E __ 95%CI__ 1Is 4B 9%%Cl__Is

Contractions R 9 0257 +0046 6 0187 +0041
S* .. 8 0180 40050 0001 14 0163 +0042 0219

e 3 0060 40025 7 0090 +0.033

Image 2 0503 +0.039 9 0464 £0035
“ o 11 0294 0035 0242 8 0199 +0027 0549

Se 8 0167 40027 11 0281 40030

Tonoshpere 6 0135 +0017 12 0190 +0022
S* .. 3 0128 +0017 0569 4 0145 40021 0547

<. 16 0183 0019 13 0191 40024

Larynged II 0157 +0024 6 0200 =+0.027
S* .. 3 0174 +0024 0152 9 018 40027 0317

A 7 0161 +0.024 3 0163  +0.028

Scrapie 1 0187 +0.008 11 0276 40008
St 1 0198 +0020 0258 2 0189 +0008 1000

- 1 0178  +0.007 1 0193 +0.014

Sonar 25 0266 +0034 5 0293 +0.035
S* . 16 0209 +003L 0095 4 0217 40031 0298

<. 23 0311 0034 7 0281  +0.030

Spam R 54 0099 +0.005 57 0095 +0.005
S*.. 43 008 40004 0592 32 0074 +0004 0637

. 26 0079  +0.004 25 0080 £0.004

Spect R 25 0277 0025 41 0286 +0028
S7.. 16 0278 +0023 0114 4 0308 40025 0566

12 0274 0028 6 0313 +0.025

Vehide R I1 0548 +0021 17 0564 +0018
S* .. 4 0452 +0018 0707 4 0443 40015 0936

e 8 0478 40020 4 0420 40016

Votes 9 0094 +0019 6 008 +0017
“ .1 003 +0012 1000 1 0033 +0011 1.000

- 2 0043 +0013 4 0044 40013

min
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