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Abstract

Multiple classifier systems achieve best results when
the individual classifier outputs are diverse and of
similar accuracy. If there is a substantial differ-
ence in the individual accuracies, then the ensemble
might be worse than the single best or even worse
than an average member of the team. Various meth-
ods have been proposed for creating subsets of the
given labeled data set, subsequently used to train
the individual classifiers. Three such methods are:
taking bootstrap samples, splitting the data set into
disjoint subsets, and random feature sampling. Fol-
lowing a recent publication by Ho [4], here we offer a
small experimental study on complexity of the sub-
sets obtained by the three methods. Four measures
of complexity have been used — the three from [4]:
the minimal spanning tree (MST), the adherence
subsets measure (ADH), the maximal feature effi-
ciency (MFE); and a cluster label consistency mea-
sure (CLC) proposed here. We used the UCI “wine”
dataset (3 classes, 13 features) with 7 cases of class
split: 1v2v3, 1v(2&3), 2v(1&3), and 3v(1&2), and
the 3 pairwise splits. Surprisingly, the values of the
four measures were substantially different from each
other, although the “wine” data set is perceived as
easy. Of the three methods for selecting data sub-
sets, the feature sampling had the highest variability
of the data complexity.

1 Introduction

Multiple classifier systems are deemed to be more
accurate than the best individual classifier in the
ensemble. However, this is not necessarily true for
any classifier ensemble. For example, the majority
vote across dependent classifiers of the same accu-
racy may be much worse or much better than the
individual accuracy [6]. Diversity in the team is not

the only factor that affects the system performance.
If the individual classifiers have substantially differ-
ent accuracies, it is unlikely that the combination
will improve on the best individual. It seems that
it is important to have similarly accurate classifiers
(even weak ones [5]) but with high diversity.

Unfortunately, independent training of classifiers
do not guarantee independence (in statistical sense)
of their outputs [7]. One approach to enhancing
diversity of the individual classifiers is to train them
on different subsets of the available labeled data set.
Let Z = {z1,... ,zn} be a labeled data set, z; €
R, j=1,...,N with N elements. Three methods
for obtaining different data subsets have been used
in recent studies

1. Bootstrap sampling. We sample from Z
with repetition assuming uniform probability
across the elements of Z. Typically the cardi-
nality of the bootstrap sample is chosen to be
N. Bootstrap sampling underlies the boosting
method for designing classifier ensembles [1].

2. Data splitting. The individual classifiers can
be built on disjoint subsets of Z, as in crossval-
idation estimation of classification accuracy.

3. Random feature sampling. We can base the
individual classifiers on different subsets of fea-
tures, i.e., on different subspaces of the feature
space R™. Ho [3] shows that random sampling
(without repetition) to get a set of d < n fea-
tures from the integers from 1 to n, is a viable
line for building multiple classifier systems.

In this study we are interested in measuring the
complexity of the data subsets obtained through
the three methods. We apply four measures of
complexity, the minimal spanning tree (MST),



the adherence subsethood (ADH) based on the e-
neighborhood measure as proposed in [4], the max-
imum feature efficiency (MFE), all three from [4],
and a measure which we call the Cluster Label Con-
sistency (CLC). The complexity measures are ex-
plained in Section 2. In Section 3 we detail our ex-
perimental results with the “wine” data set from the
UCI Machine Learning Repository database. Sec-
tion 4 contains our analysis and conclusions.

2 Measures of complexity

2.1 Minimal Spanning Tree

This method for measuring the class boundary
length, is used by Ho [4], having originally been
proposed in a paper by Friedman and Rafsky [2].
Given a metric, a minimal spanning tree can be
constructed which connects all the sample points
regardless of their class labels. We use the Eu-
clidean distance as the metric. Clearly some edges
of the MST will connect points from different classes
and the count of such edges gives us a measure
of the length of the boundary between the classes.
Since there are N — 1 edges for N sample points,
the count can be normalised as a percentage of N
[4]. The edges connecting two different classes are
shown with bold lines in the examples in Figures 1
and 2. Ho [4] only considers the two class case but
the method can be extended to multiple classes (see
Figure 1 a),b) and Figure 2 a),b)).

The MST method

1. Take a labelled data set of size N and con-
struct the minimal spanning tree disregarding
the class labels.

2. Count the number of edges in the minimal
spanning tree connecting different classes, N..

3. The complexity measure is given by

Ne
M ST complezity = o (1)

2.2 Adherence Subsets

This method proposed by Ho [4] considers the clus-
tering properties of the data. It is based on a re-
flexive, symmetric binary relation R between two
points x, y in a set F. R is defined by 2Ry <
d(z,y) < €, where d(x,y) is a given metric and e is
a given non-zero constant. We define I'(z) = {y €
FlyRz} to be the e-neighbourhood of . For our

study we have again taken the Euclidean distance
as our metric. An adherence mapping, ad from the
power set P(F) to P(F) is such that:

ad(¢) ¢

ad(z) = I(x)
ad(A) = Upycqad(z) VACFE.

The largest possible adherence subsets can be grown
for each point by successively expanding the ad-
herence subset at each stage whilst ensuring that
all newly included points come from the same
class. For example, ad’({z}) = {z}, ad'({z}) =
ad({z}), ad*({z}) = ad(ad({z})) ..., gives us pro-
gressively higher order adherence subsets. For each
point, only the highest order subset is retained such
that all elements are from the same class. This pro-
cedure defines a partition of the data set where each
cluster contains data points with the same class la-
bel. The number of such clusters is an indication
of the complexity of the problem. If the classes are
compact and far from each other, then each class
will ideally form a single separate adherence subset.
When the classes are overlapping, multiple clusters
are likely to appear. Again, this method can be used
not only on two class cases but also on multiple class
cases (see Figure 1 a),c) and Figure 2 a),c)).
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Figure 1: A 2 class example. a) distribu-
tion of the classes, b) a minimal spanning tree
MSTcomplexity = 2, c) the adherence subsets

AD Hcomplexity = %.

The ADH method

1. Take a labelled data set of size N and for each
point grow the largest possible adherence sub-
set such that all elements of the subset are from
the same class.

2. Count the number of different adherence sub-
sets Nj.
3. The complexity is then given by:

N,
ADH complexity = 0 (2)
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Figure 2: A 3 class example. a) distribu-
tion of the classes, b) A minimal spanning tree
MSTcomplexity = 3, c) the adherence subsets
ADH complexity = g.

In Ho’s paper [4] the choice of € was € = 0.550
where § was the minimal distance between two
points of different classes. In a preliminary exper-
iment we studied the effect of € on the complexity
value. We used € = min + k x (maz — min) for var-
ious values of k, where the min and max were the
minimum and maximum distances in the data set
regardless of class labels. Table 1 shows the result
with a two-class split of the data set used in our
further experiments.

Table 1: Complexity values for varying values of €

k | ADHcomplexity
0 1.0

0.1 0.7854

0.2 0.7528

0.3 0.7753

0.4 0.7528

0.5 1.0

We can see from the table that the relationship
between € and AD H complexity is not monotonic.
Indeed, if € is too small, then each point will be
a cluster on its own, and ADHcomplexity = 1.
On the other hand, if € is too large, then the e
neighbourhood of x will contain point(s) from a dif-
ferent class. Again, x will be marked as a cluster
on its own, leading to ADHcomplexity = 1. Since
there seems to be no clear reason for choosing a
particular €, we picked k = 0.1.

2.3 Maximum Feature Efficiency

This method is suitable for 2 classes only. The com-
plexity on each feature is assessed separately. All
points are projected on that feature axis and the
overlap interval is found. The the fraction of the

points within this interval defines the complexity on
that feature axis. For the example in Figure 1 c.),
the overlap interval contains 3 of the 6 points, so the
complexity on this feature is M F Ecomplexity = %
(the efficiency is 1 — M F Ecomplexity).

The MFE method
1. Take a labelled data set (2 classes) of size N.

2. For each feature (i) project the data on its
axis and identify the overlap region. Count the
number of points in that region, N; and calcu-
late the MFE complexity as

N
M F Ecomplexity; = ﬁl (3)

3. Take as the final complexity value

M F Ecomplexity = min M F Ecomplezity;.
K3
(4)

2.4 Cluster Label Consistency

This measure estimates how well the classes match
the possible clusters in data. First c clusters are ob-
tained on the whole data set regardless of the class
labels and then the labels are used to count the
number from each class within each cluster. “Pure”
clusters will give low complexity values whereas
“contaminated” clusters will give high complexity
values.

The CLC method

1. Take a labelled data set of size N and cluster
it into ¢ clusters disregarding the class labels.

2. For each cluster (i) calculate the cluster label
consistency C;, as the fraction of the maximal
number of points of the same class label n the
cluster from the total number of points in that
cluster.

3. Take as the final complexity value

. 1O
CLCcomplexity =1 — z Z C;. (5)

=1

In case of a perfect match, i.e., when each class
is a cluster on its own, the complexity is 0.



2.5 Limits of Complexity

With ¢ classes and N elements, for the MST method
we have N — 1 edges. The maximum possible num-
ber of edges connecting different classes is therefore
N — 1, and the maximum complexity for the MST
method is % As we have ¢ classes the minimum
possible number of edges is ¢ — 1 and the minimum
complexity is <.

For the ADH method, as we have N elements and
each of these can be in its own adherence subset,
the maximum complexity is % = 1. The minimum
number of adherence subsets is one per class and
the minimum complexity is therefore £ .

The MFE method will give the lowest complexity
of 0 when the two classes are completely separable
on one or more feature axes (the overlap interval
will contain 0 points). The highest possible value is
1, and it is reached when on all feature axes the low-
est and the highest points correspond to more than
one data point, and these have different class labels
(then each overlap interval contains all N points).

The CLC method gives 0, the lowest value, when
the classes correspond exactly to the clusters found.
Similarly to the ADH method, the number of clus-
ters, ¢, has to be picked in advance. We can take ¢
to be the number of classes as a reasonable choice.
It is easy to verify that in this case, the upper limit
of the CLCcomplexity is 1 — %.

3 Experiments

3.1 Data

The data set we used in this study was from the UCI
Repository of Machine Learning Database'. It is
called wine and contains 178 cases, with 13 features
and 3 classes. All the feature values are continuous
numerical values and there are no missing values.
From this data set we derived four problems, the
three-class case and three two-class cases:-

Case A: 1v2v3.
Case B: 1v (2 and 3).
Case C: 2 v (1 and 3).
Case D: 3 v (1 and 2).
Case E: 1v2.

Case F: 1v3.

Case G: 2 v 3.

The data set can be stored as an array of size
N X n, consisting of N = 178 elements with n = 13

U[http://www.ics.uci.edu/ mlearn/MLRepository.html]

features. A separate array of size N x 1 contains
the class labels corresponding to each element.

To find out how “complex” the data set is, we
ran the linear and quadratic discriminant classifiers
(LDC and QDC), the nearest neighbor (1-nn), and
the 5-nearest neighbor (5-nn). The test results from
a 10-fold cross-validation and the leave-one-out are
shown in Table 2.

Table 2: Classification accuracy (in %) with the
“wine” data.

LDC | QDC | 1-nn | 5-nn
10-fold
cross-validation 99 99 79 70
leave-one-out 99 99 7 70

The results show that while the data set might
be easy for LDC and QDC, it is not too easy for
the 1-nn and 5-nn. So if there is single meaning of
complexity, what should the complexity be for the
“wine” data set? This hints that perhaps different
components of complexity should be sought.

3.2 Methods

For each of the four cases we took 50 bootstrap sam-
ples of size N; for the data splitting method we used
100 random splits into halves; and for the random
feature sampling, we formed 50 subsets by randomly
choosing 5 of the n = 13 features. The four com-
plexity measures were calculated for each data set.
The means, maxima and minima were found sepa-
rately for the three data selection methods and each
of the seven cases.

The varying number of repetitions reflects the
variation in the time involved in running each
method. Since the Data Splitting method is only
working on half the data, it is considerably faster
than the other two methods. Hence this method
was repeated 100 times while the others were re-
peated 50 times.

3.3 Results

Before considering the values of complexity calcu-
lated using the different data manipulation meth-
ods. We calculated the complexity for the whole
of the data set for the seven cases. The results we
obtained are shown in Table 3.

These results show that the ADHcomplexity
considers each problem to be of the same high de-
gree of complexity, whereas the other three give dif-



ferent values. The four measures do not agree on a
single case being most complex or easiest.

Table 3: Complexity calculated by M ST, ADH,
MFE and CLC (in %) for the data set as a whole

Case || MST | ADH | MFE | CLC

A 25 100 N/A 28
B 8 100 24 9
C 21 100 42 26
D 21 100 28 21
E 8 100 21 8
F 9 100 0 11
G

27 100 25 34

Table 4 shows the means and the standard devi-
ations for the 3 data selection methods, the 4 mea-
sures and the 7 cases. For the data splitting method,
the results for the two halves are averaged.

The first interesting observation from Table
4 is that the measures give very different val-
ues. Knowing that the three of them (ex-
cept CLC) span approximately the same inter-
vals (0.01 < MSTcomplexity < 0.99, 0.02 <
ADH complexity < 1, and 0 < M F Ecomplexity <
1), the differences in the complexity values are puz-
zling.

Figures 3 and 6 plot the means for the 21 exper-
iments (3 methods x 7 cases) and the minima and
maxima as the error bars.
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Figure 3: The mean and limits for M ST complexity.
Bars 1-7: Bootstrapping, 8-14: Data Splitting, 15-
21: Feature Sampling

In all 4 figures the first 7 (six for M FE) bars are
for the Bootstrapping method, the next 7 (6) are
for the Data splitting method, and the last 7 (6)
correspond with the Feature Sampling method in

1 J 90
0.8
0.6
0.4
0.2
o n
0 5 10 15 20

Figure 4: The mean and limits for AD H complexity.
Bars 1-7: Bootstrapping, 8-14: Data Splitting, 15-
21: Feature Sampling
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Figure 5: The mean and limits for
MF Ecomplezxity. Bars 1-6: Bootstrapping,
7-12: Data Splitting, 13-18: Feature Sampling
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Figure 6: The mean and limits for C LCcomplexity.
Bars 1-7: Bootstrapping, 8-14: Data Splitting, 15-
21: Feature Sampling



Table 4: Complexity calculated by M ST, ADH, MFE and CLC (in %) with the three methods for the 7

cases
Method Case MST ADH MFE CcLC
mean | std || mean | std || mean | std || mean | std
Bootstrapping A 18 2 100 0 - - 26 3
(50 experiments) B 6 1 100 0 21 5 8 3
C 15 2 100 0 40 7 25 2
D 15 2 100 0 19 7 21 3
E 5 2 100 0 16 5 8 2
F 7 2 100 0 0 0 10 3
G 19 2 100 0 21 5 34 4
Data splitting A 29 4 100 0 - - 41 3
(100 experiments) | B 10 2 100 0 18 5 21 3
C 25 4 100 0 37 9 32 3
D 25 4 100 0 16 6 24 3
E 9 1 100 0 15 3 8 1
F 11 2 100 0 0 0 10 1
G 33 3 100 0 18 3 33 2
Feature sampling A 21 7 100 0 - - 35 11
(50 experiments) B 12 5 99 4 44 14 23 11
C 18 5 100 3 57 15 30 6
D 13 8 95 17 34 12 24 4
E 13 5 99 7 39 17 19 10
F 9 5 98 14 8 17 21 14
G 18 10 97 10 39 18 28 12

the same order of the cases (A to G).

A common finding of all complexity measures is
that the feature sampling method for creating data
subsets offers the highest variability of the complex-
ity of the obtained sets. However, this seems to be
the only finding where the four complexity measures
agree. For example, while the AD H measure desig-
nates the feature sampling method as producing the
least complex data (Figure 4), the M FE measures
classes these data set as the hardest (Figure 5).

The Bootstrap method has the lowest standard
deviations (on all four measures) indicating that
the data sets obtained exhibit complexity of a sim-
ilar value. Among other (theoretical) advantages,
this makes the bootstrapping method for obtaining
data sets a preferable candidate in designing classi-
fier combination systems.

We studied further the relationship of the four
complexity measures. We took the complexity val-
ues of the 18 experiments for the two-class cases
only (from B to G), so that MFE can also par-
ticipate in the comparison. The 18 means for each
measure were ranked and the Spearman’s rank cor-
relation coefficient was calculated for each pair of

measures (Table 5). Since there is no consensus on
a single definition of complexity, we cannot choose
one “right” measure. The positive correlation be-
tween M ST and CLC is an indication that the as-
pects of complexity assessed by these two measures
are similar (even though the measures might not
be similar by value). Indeed, the M ST method is
based on nearest neighbor clustering and C LC' uses
clustering as well.

Table 5: Spearman’s rank correlation coefficients
between the 4 complexity measures

MST | ADH | MFE
ADH | 0.0426
MFE | 0.4258 | -0.2955
CLC | 0.8913 | -0.0815 | 0.5174

4 Conclusions

In this study we consider three methods for vary-
ing the data set for building ensembles of classifiers:



taking bootstrap samples, splitting the data set into
disjoint subsets, and random feature sampling. We
have carried out a small experiment on complexity
of the subsets obtained by the three methods.

We described 4 measures of complexity the min-
imal spanning tree (MST), the adherence subsets
measure (ADH), the maximal feature efficiency
(MFE); and a cluster label consistency measure
(CLC) proposed here. Our results with the UCI
“wine” dataset led us to the following two conclu-
sions

1. Of the three methods for selecting data subsets,
the feature sampling had the highest variability
of the data complexity on all four measures.

2. The pairwise relationships between the com-
plexity measures suggest that the measures as-
sess different aspects of complexity. Therefore
it might be beneficial to define those complex-
ity aspects in a more formal way and regard
the measures as a group. Thus, a complexity
vector can be used to guide us to an appro-
priate classifier model for a certain data set or
indicate whether a collection of data sets is a
suitable basis for a multiple classifier system.

Of course, our conclusions at this stage are only
tentative, and more experiments are needed to clar-
ify the behaviour of the complexity measures.
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