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Abstract

We use data from Liverpool bay and Morecambe
bay where metal concentrations are measured an-
nually at a set of designated sites. Each metal con-
centration is associated with a fuzzy set “contam-
inated”, defined over the set of sites. Ten fuzzy
aggregating operators are used to construct load-
ing indices. To select a small set of most different
(and hopefully informative) indices we first calcu-
late the similarity between each pair of indices and
then group the indices by relational clustering. Four
standard measures of similarity have been tried but
the results did not comply with our visual observa-
tion of similarities between the color contour plots.
Therefore a new similarity measure is proposed in
this study. From each cluster a loading index is
picked as a representative thereby forming the fi-
nal (small) subset of relevant indices. We propose a
general procedure of generating and selecting load-
ing indices and apply it to Liverpool bay and More-
cambe bay data. Since there is no objective criteria
or target with which we can contrast our results
(no contamination pattern that we have to match),
feedback has been constantly sought from a domain
expert. The results from our study have been sub-
jectively confirmed to be adequate and useful.
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1 Introduction

Knowledge of the spatial distribution of heavy met-
als in surface sediments is required for industrial
and ecological purposes in a marine environment.
The problem is to find an overall distribution of
metal concentrations (or contamination) given that
the individual metals have different concentration

scales and the way of combining the concentrations
is not prescribed. Principal component analysis
(PCA) or cluster analysis have been typical choices
for this kind of problems [9, 10, 11], but results
of both methods are not straightforwardly inter-
pretable. The difficulty in devising one single load-
ing index comes from the fact that there is no ob-
jective criteria or true contamination distribution
which we should try to match.

Fuzzy sets have been applied to various areas of
environmental sciences: soil, forest and air pollu-
tion, meteorology, water resources, etc. [8, 10]. In
our previous study on fuzzy modeling of Liverpool
bay data [1, 9], we analyzed the overall concentra-
tion levels with 7 heavy metals using 6 aggregat-
ing operators corresponding to the most intuitive
choices.

In this paper, we will produce a more generic
methodology for generating and selecting loading
indices for a marine environment. We use similarity
measures between fuzzy sets to quantify the similar-
ities between the loading indices [5, 6, 7, 12, 14, 16].
In Section 2, we describe the type of data used and
in Section 3 we explain how loading indices are de-
signed. In Section 4 we present four standard sim-
ilarity measures and explain by synthetic examples
why these measures are inadequate for our type of
data. Hence we propose a new measure which we
use further in this study. Section 5 gives the results
of applying the new measure for selecting loading
indices for Liverpool bay and Morecambe bay, and
Section 6 offers our general methodology as the con-
clusions.

2 Liverpool bay and More-
cambe bay data
The dynamic nature of coastal waters presents a se-

vere challenge to environmental assessment of dis-
posal activities in near shore waters. Liverpool bay



has received large quantities of sludge-input (indus-
trial waste) on regular basis since the late 1960’s.
Heavy metal concentrations are measured annually
on a grid of locations in order to detect and mon-
itor the changes in the ecological structure of the
bay. Morecambe bay is a large macro-tidal estuary
with important wildlife resources. The geographical
locations of the two regions are shown in Figure 1.
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Figure 1: Liverpool Bay and Morecambe Bay loca-
tion

Morecambe bay is assumed to contain lower lev-
els of contamination compared to Liverpool bay.
Therefore, Morecambe bay was suggested as a
benchmark for a relatively uncontaminated marine
region. An important difference between More-
cambe bay and Liverpool bay is that the contam-
ination within Liverpool bay is “point-wise” (i.e.,
there is a designated dumping site), whereas More-
cambe bay obtains a diffused input (i.e., lead con-
tamination from the nearby industrial parts of Eng-
land) [4]. Liverpool bay also receives heavy metal
discharges from continuous sources (Mersey and
Dee Estuaries) as well as through erosion [3].

Samples of surface sediment in 1988 were col-
lected and chemically analyzed for concentrations

of seven heavy metals: x; = Mercury (Hg), 22 =
Cadmium (Cd), 3 = Chromium (Cr), 24 = Cop-
per (Cu), x5 = Nickel (Ni), z¢ = Lead (Pb) and
x7 = Zinc (Zn). The sampling was done at 70 sites
in Liverpool bay and 203 sites in Morecambe bay.

3 Constructing loading indices

Let S = {s1, 82, ..., $m } be the set of m sites and let
x;(s;) be the concentration of metal z; measured at
site s;. To transform the metal concentrations into
degrees of membership corresponding to “contam-
ination with z;,” we need lower and upper limits
on the concentration values. We shall adopt aver-
age shale values L; [15] as lower limits as these are
being used in the literature [13]. Upper limits M;
were calculated using upper trigger limits from the
UK Department of Environment (DOE) [2].

We chose linear transformation as the simplest
model. For each metal z; we define a fuzzy set A;
over S, corresponding to “contamination with x;”,
with membership function

o) = T2 )

Having designed the 7 fuzzy sets, we use the
following fuzzy aggregation operations to define
overall loading (contamination) indices

LI;: Minimum

LI5: Product

LI5: Geometric mean

LI4: Maximum

LI5: Arithmetic mean

LIg: Competition jury

LI;: Fuzzy integral (g1)
LIg: Weighted average (g1)
LIy: Fuzzy integral (g2)
LI1o: Weighted average (g2)

Here g1 and ¢2 are two different ways of assigning
weights to each metal. These weights have been
used as the fuzzy densities to calculate the A-fuzzy
measure for the (Sugeno) fuzzy integrals.

Our choice of aggregation operators was guided
by the following reasons:

e Most intuitive aggregation methods (which
happen to be the simplest ones as well) were
included, e.g., minimum, maximum, and aver-
age.



e The additional aggregation methods were
needed to make sure that the simple methods
had not missed important information.

o We kept the selection within the simplest ag-
gregation operators which at the same time
cover a wide range between 0 (the ultimate pes-
simistic aggregation) and 1 (the ultimate opti-
mistic aggregation), and also account for the
possible different weights of the metals.

Next we use similarity measures to find groups of
loading indices and subsequently elect one represen-
tative from each group.

4 Similarity Measures

In the same way that fuzzy sets allow for grad-
ual transition between full membership and non-
membership, a similarity measure captures a grad-
ual transition between equality and non-equality. A
similarity measure S indicates the degree to which
two fuzzy sets A and B on the same universal set
U are equal or similar. Consider a discrete finite U,
|U| = m. Denote by P(U) the class of all fuzzy sets
on U and by C(U) the class of all crisp sets on U.

Definition 1 (Similarity Measures) : A func-
tion S : P(U) x P(U) — [0,1] is called a simi-
larity measure on P(U), if S satisfies the following
general properties:

1. S(A,B) =S8(B,A),A,B € P(U) (Symmetric);

2. S(D,D) =0, D € C(U), and D is the comple-
ment of D;

3. S(E,E) =1, VE € P(U) (Reflexive);

4. If A C B C CVAB,C € P{U), then
S(A,B) > S(A,C) and S(B,C) > S(A,0).
Note that, A C B C C implies that pa(u) <
pB(u) < pc(u)Vu € U.

In general, the larger the value of S(A, B), the
more similar A and B are.

Many measures of similarity among fuzzy sets
have been proposed in the literature [6, 5, 7, 12, 14].
The motivation behind these measures is either ge-
ometric or set-theoretical. In Pappis et al. [12]
and Chen et al. [5], measures of similarity of fuzzy
sets (coming from both approaches) are presented
and compared. The authors point out that although
several properties were common to these measures,
there exist notable differences between the similar-
ity measures, and care should be taken when select-
ing a measure for a particular application.

We consider the following four similarity mea-
sures which we believe to be the most intuitive ones

1. Cardinality-ratio measure based on intersection
and union [6]:

_l4nB
Sc(A,B) = AUB|
_ ShminGua(n) ()

- 2t max(pa(u), pp(ui)’

2. Vector-product measure based on the inter
product operation between fuzzy sets [5]:
A-B
max(A-A,B-B)’ 3)

Sv(4,B) =

where A - B expresses the inter-product of A
and B taken as vectors of membership degrees.
Then this measure can be written as,

_ Dimy 1A (ui) - pp(us) (4)
max(3 ", pa(ui)?, >, pe(u)?)

3. Difference-sum ratio measure

Sp(A,B) =

Yoy lwa(us) — ps(us)|
Yoy (pa(us) + pB(ui))’

1— (5)

4. Symmetrical difference based measure [6, 7]

Ssa(A,B) =1—||Av B

Yoy lma(us) — pe(u;)]

=1-

(6)

where ||A w7 B|| denotes the relative cardinality
of the symmetrical difference A 7 B.

We demonstrate by a synthetic example some
disadvantages of the four measures. Let X =
{z1,%2,z3} be an universal set. Six example pairs
of fuzzy sets A and B are shown in Table 1. The
(intuitively) reasonable value of the similarity is ex-
pressed verbally and an interval is suggested for
each example.

Table 2 shows the values of the four similarity
measures on the six example pairs and gives a short
comment for each measure.



Since the results with the above four measures of
similarity were not satisfactory, here we propose a
new measure of similarity defined by

1AV BI

SAB = R4 B)
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1 {ET—l 1 (uy) —uB(Uj)|} )

As the denominator is undefined for A = B, we
extend (7) to be

coimo] b if A= B
«(4,B) = 1_imlglf+43|v|13)ﬂ otherwise.

The bottom row in Table 2 shows that values of
the proposed measure for the six examples are con-
sistent with the desired values.

5 Results

Using (1), metal concentrations were mapped to
the unit interval [0, 1], so that 0 corresponds to no
contamination and 1 corresponds to full contamina-
tion. Since some of the concentrations were below
the lower limits (the typical shale values), negative
degrees of membership were re-assigned the non-
membership (pa(s;) =0).

The 10 loading indices were calculated for the
data in Liverpool bay and Morecambe bay. For
our study, we wish to reduce the number of loading
indices by replacing a group of indices containing
similar information with one single index. Having
picked the similarity measure, the main question is
“How many different groups of loading indices shall
we consider”? Results of applying the proposed sim-
ilarity measure S, (4) to Liverpool and Morecambe
bay data are listed in Tables 3 and 4, respectively.
The similarities for the Morecambe bay are higher
than these for the Liverpool bay. This matches our
expectation, knowing that the Morecambe bay has
a uniformly lower contamination: Since there are
large areas in the bay which are not contaminated,
and hence all loading indices have low values across
these areas, the similarity measure takes high val-
ues.

Hierarchical relational clustering, using single
linkage, complete linkage and average linkage were
applied to identify clusters among the ten loading
indices. The results with 2, 3, 4 and 5 clusters are
listed in Table 5 for Liverpool Bay and and Table 6
for Morecambe Bay.

Comparing the results in Tables 5 and 6,

o Clustering into three clusters produced the
same grouping of indices for both regions

¢ Relational clustering was able to identify
the group consisting of {LInez, LlIppg),
LIgj(42)}, and keep the three together for 3,4
and 5 clusters, for both regions.

This shows that the proposed measure gives sta-
ble results, and also indicates a natural grouping
of the indices based mainly on the “degree of opti-
mism” of the aggregation.

6 Conclusions
As a conclusion of our study, we suggest the follow-

ing general methodology for constructing and se-
lecting loading indices in marine environment.

1. Identify the contaminants and collect a data set
of measurements of these contaminants across
the region of interest.

2. Specify the lower and upper limits for each con-
taminant.

3. Calculate the membership degrees of the fuzzy
sets over the set of sites.

4. Using fuzzy aggregation operators, calculate a
set of loading indices. Many operators are ap-
plicable at this stage, not only the 10 reported
in this study.

5. Calculate pairwise similarities between the
loading indices using a similarity measure (we
recommend S, for the reasons explained in the
text).

6. Run relational clustering for several number of
clusters to find groups of similar indices. (We
found out that all three hierarchical clustering
procedures led to the same grouping.)

7. Display the results, e.g., by color contour plots,
and select one loading index from each group.

8. Use the selected indices to characterize the re-
gion of interest. We believe that the indices
will be grouped according to the “level of opti-
mism” involved in the aggregation. It is impor-
tant to select indices which are interpretable in
terms of the domain context. For example, the
meaning of minimum, maximum and average
aggregation can be explained to the environ-
mentalist user.



We applied the above methodology to Liverpool
bay and Morecambe bay data and propose the prod-
uct, maximum and average as the most informative
different loading indices.
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Table 1: Six examples of pairs of fuzzy sets and the desired similarity values

| Example || p(z1) | plzs) | ples) | Similarity |

T1 1.0 0.2 0.8 Moderate

1.0 0.1 0.2 0.50 < ST1(4, B) < 0.55
T2 0.0 0.1 0.0 Moderately high

0.0 0.9 0.0 0.65 < ST2(A4, B) < 0.75
T3 1.0 0.1 1.0 Moderately high

1.0 0.9 1.0 0.65 < ST3(4,B) <0.75
T4 0.8 0.5 0.2 Low

0.1 0.6 0.4 ST4(A,B) < 0.50
T5 0.0 0.1 0.3 Low

0.0 0.9 0.8 ST5(A, B) < 0.50
T6 0.0 0.0 0.0 Low

0.1 0.3 0.2 | ST%(4,B) < S*5(4,B) <0.50

Table 2: The values of the four similarity measures for the six examples from Table 1

Similarity Tt T2 T3 T4 T5 T6 | Remarks
measures
Sc, Does not comply with the desired
Cardinality-ratio, (2) 0.65 0.1 072 044 024 0 intervals; poor result on T2.
Sv, .
Vector-product, (3) 07 01 074 0.5 0.23 0 Similar to S¢.
SD)
Difference-sum ratio, | 0.79 0.2 0.84 0.62 0.38 0 Similar to S¢.
(5)
S5d; Indistinguishable values, not cor-
Symmetrical 0.77 073 073 0.7 057 0.8 : L
: responding to the desired ones.
difference, (6)
S., . . . .
The proposed 061 0.67 067 052 046 033 | consistent with the desired in-
tervals and order of preference.
measure, (7)

Table 3: Measures of similarity S, (A4, B), of all 10 paired loading indices of Liverpool bay.

LI, LI, LI, LIy LIy LI, LIi LI, LI
I, 1 1 027 058 0.76 027 057 028 057
LI, 1 1 027 058 0.76 0.27 057 028 0.57
LI, 1.00 0.27 058 0.76 027 0.57 0.28 0.57
LI, 1.00 031 032 0.8 032 0.82 0.32
LIy 1.00 0.37 028 054 028 0.56
LI, 1.00 029 029 0.29 0.29
LI 1.00 03 084 0.3
LIy 1.00 03 055
LIy 1.00 0.3




Table 4: Measures of similarity Si(A4, B), of all 10 paired loading indices of Morecambe bay.
LI, LI, LI, LI, LIg LI, LIy LI, LIy
L 1 1 09 091 098 0.89 091 0.89 0.91
LI, 1 1 09 091 098 0.89 091 0.89 0.91

LI 1 09 091 098 0.89 091 089 0.91
LI 1 09 09 097 09 097 09
LIy 1 09 09 091 089 0.92
LI 1 09 09 09 09
LI 1 09 09 09
LI 1 09 093
LI, 1 09

Table 5: Hierarchical clustering of the 10 loading indices using calculated similarities Si (A4, B) for Liverpool
bay.

Number | Grouping
of Clusters

2 (LI4,LI7,LIQ),(LIl,LIZ,LI3,LI5,LIG,LIg,LI]_()),

3 (LI, LI;, LIy),(LIi, LTy, LI, LI), (LIs, LTs, LT1o),

4 (LI, LI;, LLy),(L1,, L, LIs), (,LI5, L1g, L1 q),(LIs)

o (L1y, LI, Lly),(L1y, L1, LI3), (L1s, L), (, LIs),(L1s)

Table 6: Hierarchical clustering of the 10 loading indices using calculated similarities S, (A4, B) for Morecambe
bay

Number | Grouping
of Clusters

2 (LII7 LIQJ LI37 LIG)J(LI47 LI57 LI77 LISJ LIQ; LIlO)7

3 (LI47 LI77 LIQ);(LIh LIZ; LI37 LIG); (LIE)J ) LIS; LIlO)J
4 (LI, LI;, L1y),(LIy, LIy, LI, LIg),(LI;, LIg, L1yy),

b) (LI47 LI73 LIQ),(LIIa LIQ) LI37 LIG)’(LI5)3(LI8) 5(LI10)




